The computer experiments are carried out on the phenomena of self-synchronization in a many-mode system described by the van der Pol type equation. The results are successfully explained in terms of the perturbation theory based on a mean field approximation proposed in a previous article. The extension of the theory to further complicated phenomena of mode-locking is briefly cliscussed. § 1. Introduction Generally speaking, the oscillation of macrovariable originates from the breakdown of Onsager's reciprocity in the non-equilibrium open system.!) Living system is a typical example of the open systems. Thus a variety of oscillating phenomena can be seen in the biological processes, and many of them seem to be synchronous on the functional order of organism.') The synchronized rhythm in living bodies is characterized by hvo factors. One is the externally driven oscillation (or forced synchronization) such as circadian rhythm. This type of rhythmical processes is studied in various fields of biology. The other is the internal synchronization caused by the oscillating chemical reaction, which is not studied theoretically enough though such self-synchronizations are observed frequently in biochemical processes.
Generally speaking, the oscillation of macrovariable originates from the breakdown of Onsager's reciprocity in the non-equilibrium open system.!) Living system is a typical example of the open systems. Thus a variety of oscillating phenomena can be seen in the biological processes, and many of them seem to be synchronous on the functional order of organism.') The synchronized rhythm in living bodies is characterized by hvo factors. One is the externally driven oscillation (or forced synchronization) such as circadian rhythm. This type of rhythmical processes is studied in various fields of biology. The other is the internal synchronization caused by the oscillating chemical reaction, which is not studied theoretically enough though such self-synchronizations are observed frequently in biochemical processes.
The dynamical models describing biological processes are classified into two groups; the conservative and dissipative (or non-conservative) dynamics. The population variation, morphogenetic processes and neural activity are analysed by the use of the conservative dynamical models. 3 J In particular, the statistical theory of many-body system described by the conservative dynamics was proposed by Kerner in analogy with Gibbs ensemble in statistical mechanics. The phenomenon of synchronization has not yet been explicitly lightened for the conservative dynamical system, but the phenomena concerning the instability in such conservative systems are recently studiecl in connection >vith the problems of ergodic hypothesis, and the result assures the aclequacy of the ensemble theory by Kerner.'') On the other hand, the latter case of the dissipative dynamics with many degrees of freedom was not studied till quite recently in disregard of the enormous number of dissipative examples observed in biological systems. A typical equation describing the dissipative dynamics is so-called van der Pol equation. The same type of equation is used as the biological model of the heart beat and of the repetitive excitation of nerve membrane.'J,aJ The basic equation was (1) where A is a constant, w a frequency and X a variable sub-ordinated to the membrane potential. The remarkable characteristic of the above equation is the competition of two effects; i.e., the negative resistivity and the suppression caused by nonlinear term, which leads to the occurrence of the oscillating orbit X(t) with a limit cycle. The many-body system represented by the following coupled equation:
reveals the phenomena of self-synchronization under an appropriate interaction represented by sFn ( {Xk, Xk}). Here xk is the time derivative of Xk. In the practical problems Xk denotes such macrovariables as membrane potential and the concentration of chemical component in the system under consideration. The heart beat, the oscillating protoplasmic flow of a mycetozoan, and the spectrum of brain waves 8 J are understood in terms of the self-entrainment of the coupled many modes. In these phenomena, an essentially significant point lies on the fact that these systems are constituted by a great number of the unit system, such as a heart muscle, an actomyosin filament and a neural circuit. Oscillation in nonlinear systems with many degrees of freedom has been extensively studied in various fields of physical science. In spite of great success of perturbational approach to the nonlinear phenomena, many unsolved problems remain in the region of far from linear branch. The self-synchronization or selfentrainment is one of the most interesting unsolved phenomena observed in the many-body dissipative system with nonlinear feedbacks. When X is small, by means of the rotational wave approximation 9 J Eq. (2) is transformed to give 
. Perturbation theory of self-synchronization
We study the self-entrainment of the coupled modes or coupled oscillator systems described by the following generalized equation of Eq. (3): (4) where Fn is the interaction between the n-th mode and others, and Pn is the nonlinear term. Here we assume that Pn satisfies the relation Pn (1) = 0. This limitation on Pn is not essential but conventional in our theory and is discarded if necessary. Wn and Wn are the state variable and the native frequency of the n-th mode respectively, and e is a positive constant. For the sake of brevity, Fn(~V~> W 2 , ···, ~VN) is abbreviated as Fn({Wk}), and (n=l,2, ···,N) is abridged throughout the subsequent arguments. ~Vn is a complex value, but Wn is real. In this paper except for the general discussion in Appendix I, we limit our discussion to the following case: (5) and Fn ( nvk}) is assumed to be a linear function of W< and satisfies the following constraint: Fn( {vV0}) =0, where TV0 is an arbitrary complex value. These limitations are not essential for the theory in this paper, and these points are discussed in § 5.
When the distribution function of the native frequency, f(w), is approximated by the a-function with the peak at ())0, i.e.,f(w) =a(w-w0 ) , the exact synchronized solution is obtained as follows: (6) Here ¢0 is a constant phase. Though the state represented by Eq. (6) is not the synchronized solution any more in the case where the distribution deviates from the a-function, the another synchronized solution W 0 * can be seen near the solution (6) provided that the attractor (or stable solution) given by Eq. (6) is strong enough. On the assumption that the distance between these two solutions (lV0 and W 0 *) is relatively small, we have derived the approximated form of Eq. ( 4) in the case when the variance of the native frequency, ( (w-w0) 2 ) , has a non-zero value, where w0 1s the mean frequency; wo= s_==wf(w)dw (see Appendix I).
In the case where Fn({Wk})=(l/N).L:f~l(Wk-Wn) and f(ru)=(r/rc)(/
with .:10 = c:e-' 18 • The derivation of Eq. (7) is given in Appendix I. From a statistical viewpoint, Eq. (7) is regarded as a mean field approximation for the j_V-body system described by Eq. ( 4). In other words, the self-locking of Eq. ( 4) were transformed to the forced locking of each mode under the effective field with the frequency w0• Though this perturbation theory is not self-consistent, we use the terms of "mean field" in this paper by reason that the effect from the many surrounding modes is replaced by a synchronized behavior. In what follows, we study the analytical solution of Eq. (7):
As derived in Appendix II, the order parameter () defined by the relative fraction of the entrained modes, and the motion of the locked modes ( 1V, = Pnei¢n) are represented as follows:
where (/)0 1s a constant phase. On the other hand, the phase ¢n of the n-th mode which is not locked on the frequency cu0 drifts as follows:
and the effective period r, is given by
where t 0 is the initial time. In consequence, the effective frequency distribution ](w) is different from the Lorentzian, and is obtained by Eqs. (8) and (9) as follows: 
In the case when the native frequency distribution is not simple Lorentzian but has two dominant peaks:
the mean field approximation described in Appendix I leads to
where dk= ±2rrD and A0*=scos(2rrD/s). In the case [D[<Aa*/2rr, all the modes are locked on the frequency cu0, and the phases t/h are fixed as follmvs:
,r,
While in the case [DI >do* /2rr, the mean velocity of phase drift calculated by Eq. (10) 
Computer simulation was carried out with the system given by Eqs. ( 4) and (5) in the case N=100, s=0.2 and T=2rr./cu0 =1. T=1 is not the essential point in the present analysis, since cu0 is able to be abridged always by the condition FnC {Wo}) =0.
(A) Lorentzian distribution of the native frequency
The frequency of the n-th mode is given by At t=40T, both phases and amplitudes intend to aggregate on a branch (this is called the entrained branch in this article), and when t>80T the branch is fixed almost irwariantly for 8<n<93. Therefore, we can understand that the system reached a self-entrained state at t = 80T. In all the calculations performed on the present article, ZOOT was sufficient for the system to reach the self-entrained state. In what follows, we illustrate the self-synchronized states for various cases with r=0.04, 0.06 and 0.1 in Figs. 2(a), (b) and (c) , respectively. For the sake of convenience, each phase <f;n is measured in relative to the phase of the 50-th mode. The solid lines in Fig. 2 
(B) Frequency distribution with two dominant peaks
The system with the frequency distribution given by Eq. (13) As mentioned in the previous section, the mean field theory breaks asymptotically when the distribution of the native frequency becomes fiat. In this section the other types of breakdown of the theory are qualitatively stated.
Let us consider the case where the frequency distribution is given by the following superposition of the Lorentzian distribution, i.e., 
where ri is a positive constant, Wi a dominant frequency and 1VI an arbitrary integer. Our perturbation method developed in this paper, however, is not available to the phenomenon of partial self-locking, since the mean field approximation is based on the assumption with a single entrained branch.
At the last of this section, we mention the transient phenomena of modelocking. The organizing process of the entrained state is represented by the total amplitude E defined by In this paper we have explored a mean field theory of the mode-locking phenomena in many-body system with nonlinear feedbacks. By the theory, the phenomenon of self-locking is analyzed in terms of the forced locking under the external periodic stimulus with a given frequency UJ 0• As mentioned in § 4, there are some breakdowns in the perturbation theory. The time dependent behavior represented by Eq. (7) should be considered in taking account of the irregular force into Eq. (7), consequently which should be regarded as the Langevin type equation. The partial mode-locking will be treated in the framework of the mean field theory if we use the local mean field approximation for each entrained branch. These analysis is left in the future study. Nevertheless, results of the synergetic approach are well reproduced by the perturbation theory on the whole so far as the value of {3 is small.
The theory of the present paper can be easily extended to the other nonlinear oscillators system represented by
where L1 is a constant. The series coupling of as, Fn(fWk})cx:vVn+J+Wn-1 -2Wm which is an sional diffusion process of Fn ( {1Vk}) cx:a 2 Wn/an 2 • oscillators are given by putting approximation to the one-dimenIn this series coupling the number of entrained mode is much smaller than in the case of parallel coupling given by Fn( { } ) = L:f~1 (Wk-Wn). Under the condition f(w) =o(UJ-UJ0), the diffusion model has the synchronized wave solution other than Eq. (6) . We can take the wave solution as the unperturbed reference state instead of Eq. (6) . These problems in further complicated models will be studied in another paper.
If we limit the discussion to the neighborhood of the synchronized solution (or an attractor TV0 *), Eq. (A ·1) is approximated as follovvs:
Pn=l'
provided that the frequency distribution function f(w) has a sharp peak at the mean frequency uJ0 ( = (1/ N) l:f~1wk Here the higher order terms of 0 ( { <f!e}) have been neglected. As mentioned above it is necessary for the occurrence of self-entrainment that the attractor given by Eq. (6) 
